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1. Introduction
An obvious requirement of any theory of quantum gravity is to provide a microscopic
explanation of black hole entropy. To some extent, the AdS/CFT correspondence [1] has
done this: the microstates of an asymptotically anti-de Sitter (AdS) black hole are states
of a dual CFT. In three dimensions, it is possible to calculate the entropy of black holes by
counting CFT states with the same quantum numbers as the black hole using the Cardy
formula [2]. However, an analagous calculation in more than three dimensions has been
hindered by our poor understanding of strongly coupled quantum field theory.
A potential way of overcoming this obstacle is to consider asymptotically AdS black
holes preserving enough supersymmetry that the corresponding CFT states belong to short
superconformal multiplets. The number of such states with given quantum numbers is not
expected to change as the CFT coupling is varied, so by counting them at weak coupling
it should be possible to reproduce the black hole entropy.
Four dimensional, supersymmetric, asymptotically AdS, black holes were presented
in [3]. However, a CFT calculation of their entropy does not seem possible because so little
is known about the dual CFT in this case. Seven dimensional supersymmetric AdS black
holes were constructed in [4]. Once again, our ignorance of the dual CFT gives us little
hope of being able to calculate their entropy.
This leads us to D = 5, where our understanding of the CFT, N = 4 SU(N) super
Yang-Mills theory, is much better. The first examples of supersymmetric, asymptotically
AdS5, black holes were recently obtained in [5] as solutions of minimal D = 5 gauged
supergravity. These solutions have to rotate, just like supersymmetric AdS black holes
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in D = 3, 4 (but unlike D = 7). They preserve at least two supersymmetries, and their
mass M and angular momenta J1,2 are functions of their electric charge Q: M = M(Q),
J1 = J2 = J(Q). These black holes should correspond to SU(N) singlet CFT states on
R × S3. The CFT state/operator correspondence maps such states to gauge-invariant
local operators at the origin of (euclidean) R4 [6]. In order to identify the local operators
corresponding to the black hole, the solution must first be oxidized to give an asymptotically
AdS5 × S5 solution of type-IIB supergravity. This can be done using results of [7]. One
finds that the dual CFT operators are 1/16 BPS, have SO(4) = SU(2)L × SU(2)R spins
JL = J(Q), JR = 0 and R-charge given by the SU(4) weight vector (Q,Q,Q) (for suitably
normalized Q). We expect that it should be possible to reproduce the black hole entropy
by counting such operators at weak coupling.
It is natural to expect that there should be more general supersymmetric black hole
solutions for which the corresponding CFT operators have R-charge (Q1, Q2, Q3). To see
how these should arise, note that type-IIB supergravity can be dimensionally reduced on
S5 to give N = 1 D = 5 gauged supergravity coupled to three abelian vector multiplets,
with gauge group U(1)3 [8].1 This theory has eight supercharges. Black holes carrying
U(1) charges Qi will correspond to CFT operators with R-charge (Q1, Q2, Q3). The goal
of the present paper is to find supersymmetric, asymptotically AdS5, black hole solutions
with these charges.
Although we are mainly interested in the U(1)3 theory, we shall work within the more
general framework of N = 1 D = 5 gauged supergravity coupled to arbitrarily many
abelian vector multiplets [9]. One possible way to find black hole solutions would be to
use the results of [5] to motivate an Ansatz for the fields of this theory, and then examine
the circumstances under which this Ansatz admits a super-covariantly constant spinor.
However, we shall adopt a more systematic approach in which we analyze the general
nature of supersymmetric solutions of this theory. This approach was first used in [10] for
minimal N = 2, D = 4 supergravity and has been applied recently to minimal D = 5 [11]
and D = 6 [12] supergravity, minimal D = 5 gauged supergravity [13], and minimal N = 2,
D = 4 gauged supergravity [14]. It has also been used in D = 11 supergravity [15, 16]. In
this way, not only do we find the black hole solutions, we also obtain a general framework
which may be used to construct interesting new solutions, many of which cannot be found
easily by guessing Ansa¨tze.
In section 2 of this paper, we generalize some of the results of [11, 13] to include
arbitrarily many abelian vector multiplets. Our first result is a complete classification
of all maximally supersymmetric solutions in both the gauged and ungauged theory. In
the gauged theory, the only maximally supersymmetric solution is AdS5 with vanishing
gauge fields and prescribed values for the scalars. In the ungauged theory, we find that
the scalars take arbitrary constant values but once these values have been chosen, the
maximally supersymmetric solutions are in one-to-one correspondence with the maximally
supersymmetric solutions of the minimal theory, which were given in [11].
1Strictly speaking, there are only two vector multiplets since the diagonal U(1) arises from the gravipho-
ton.
– 2 –
We then turn our attention to general supersymmetric solutions. Just as in the minimal
theories [11, 13], such solutions possess a globally defined Killing vector field that is either
everywhere null, or timelike somewhere. We consider only solutions in the latter class,
and show that they admit a hyper-Ka¨hler or Ka¨hler structure in the ungauged and gauged
theories respectively, again just as in the minimal theories [11, 13]. We determine a general
form for such solutions of the gauged theory and show that they must preserve at least two
supersymmetries.
In section 3, we use these results to derive supersymmetric black hole solutions of
N = 1, D = 5 gauged supergravity coupled to arbitrarily many abelian vector multiplets.
Just like the solutions of [5], these are asymptotically AdS solutions that are parametrized
by their electric charges, and have two equal angular momenta. We pay special attention
to solutions of the U(1)3 theory mentioned above since these can be oxidized to give BPS,
asymptotically AdS5 × S5 solutions of IIB supergravity.
We should note that supersymmetric solutions of D = 5 gauged supergravity coupled
to vector multiplets have been discussed before. In particular, there have been attempts
at finding supersymmetric black hole solutions of this theory, but these attempts only
produced solutions with naked singularities [17] or naked closed timelike curves [18]. Some
black string solutions were presented in [19].
The reader interested only in the black hole solutions (and not their derivation) should
jump to subsection 3.2.
2. Supersymmetric solutions of N = 1 supergravity
2.1 N = 1 supergravity
The action of N = 1 D = 5 gauged supergravity coupled to n abelian vector multiplets
with scalars taking values in a symmetric space is [9]2
S =
1
16πG
∫ (
−5R+ 2χ2V −QIJF I ∧ ∗F J +QIJdXI ∧ ⋆dXJ − 1
6
CIJKF
I ∧ F J ∧AK
)
(2.1)
where I, J,K take values 1, . . . , n and F I = dAI . CIJK are constants that are symmetric
on IJK and obey
CIJKCJ ′(LMCPQ)K ′δ
JJ ′δKK
′
=
4
3
δI(LCMPQ) . (2.2)
See [19] for a more detailed recent discussion of this theory. The XI are scalars which are
constrained via
1
6
CIJKX
IXJXK = 1 . (2.3)
We may regard the XI as being functions of n−1 unconstrained scalars φa. It is convenient
to define
XI ≡ 1
6
CIJKX
JXK (2.4)
2We use a negative signature metric.
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so that the condition (2.3) becomes
XIX
I = 1 . (2.5)
In addition, the coupling QIJ depends on the scalars via
QIJ =
9
2
XIXJ − 1
2
CIJKX
K (2.6)
so in particular
QIJX
J =
3
2
XI , QIJ∂aX
J = −3
2
∂aXI . (2.7)
The constraints (2.2) are sufficient to ensure that the matrix QIJ is invertible with inverse
QIJ given by
QIJ = 2XIXJ − 6CIJKXK (2.8)
where
CIJK ≡ δII′δJJ ′δKK ′CI′J ′K ′ . (2.9)
It is then straightforward to show that
XI =
9
2
CIJKXJXK . (2.10)
The scalar potential can be written as
V = 27CIJKVIVJXK (2.11)
where VI are constants.
For a bosonic background to be supersymmetric there must be a spinor3 ǫa for which
the supersymmetry variations of the gravitino and dilatino vanish. For the gravitino this
requires
[
∇µ + 1
8
XI(γµ
νρ − 4δµνγρ)F Iνρ
]
ǫa − χ
2
VI(X
Iγµ − 3AIµ)ǫabǫb = 0 (2.12)
and for the dilatino it requires
[(
1
4
QIJγ
µνF Jµν +
3
4
γµ∇µXI
)
ǫa − 3χ
2
VIǫ
abǫb
]
∂XI
∂φa
= 0 . (2.13)
The Einstein equation is
5Rαβ +QIJF
I
αλF
J
β
λ −QIJ∇αXI∇βXJ − 1
6
gαβ
(
4χ2V +QIJF
I
µνF
Jµν
)
= 0 . (2.14)
The Maxwell equations (varying AI) are
d
(
QIJ ⋆ F
J
)
= −1
4
CIJKF
J ∧ FK . (2.15)
3We use symplectic Majorana spinors. Our conventions are the same as [11].
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The scalar equations (varying φa) are
[
−d(⋆dXI ) +
(
XMX
PCNPI − 1
6
CMNI
)
(FM ∧ ⋆FN − dXM ∧ ⋆dXN )− (2.16)
−6χ2CMPQVMVPCQIJXJdvol
]
∂XI
∂φa
= 0 .
If a quantity LI satisfies LI∂aX
I = 0 then there must be a functionM such that LI =MXI .
This implies that the dilatino equation (2.13) can be simplified to
[(
1
4
QIJ − 3
8
XIXJ
)
F Jµνγ
µν +
3
4
γµ∇µXI
]
ǫa +
3χ
2
(
XIVJX
J − VI
)
ǫabǫb = 0 , (2.17)
and the scalar equation can be written as
−d (⋆dXI) +
(
1
6
CMNI − 1
2
XICMNJX
J
)
dXM ∧ ⋆dXN+
+
(
XMX
PCNPI − 1
6
CMNI − 6XIXMXN + 1
6
XICMNJX
J
)
FM ∧ ⋆FN+
+6χ2
(−CMPQVMVPCQIJXJ + 6XICMPQVMVPXQ) dvol = 0 . (2.18)
2.2 Maximal supersymmetry
All maximally supersymmetric solutions of the minimal ungauged and gauged D = 5
supergravity theories were explicitly obtained in [11] and [13] respectively. In the gauged
theory, the unique maximally supersymmetric solution is AdS5 with vanishing gauge field.
The ungauged theory has a more complicated set of maximally supersymmetric solutions.4
We shall now identify all maximally supersymmetric solutions of N = 1 D = 5 su-
pergravity coupled to n vector multiplets. First we examine the dilatino equation (2.17).
For maximal supersymmetry, this equation must impose no algebraic constraints on the
Killing spinor, which implies that the terms with two, one and zero gamma matrices must
vanish independently. This gives
dXI = 0 (2.19)
so the scalars XI (and hence also X
I) are constant:
XI ≡ X¯I . (2.20)
Moreover, (
1
4
QIJ − 3
8
X¯IX¯J
)
F J = 0 , (2.21)
which implies that (at least locally)
AI = X¯IA (2.22)
4It was conjectured in [11] that some of the maximally supersymmetric solutions obtained there are
isometric. This conjecture was proved in [21].
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for some 1-form A. Lastly, in the gauged theory (χ 6= 0) we also obtain
X¯I = ξ
−1VI , (2.23)
where
ξ3 =
9
2
CIJKVIVJVK . (2.24)
In the ungauged theory, the values of X¯I are arbitrary. It is convenient to define
F = dA . (2.25)
Upon substituting these identities back into the equations of motion and gravitino equation,
we observe that the scalar equation holds automatically. The other equations simplify to
5Rαβ +
3
2
FαλFβ
λ − 1
2
gαβ
(
8χ2ξ2 +
1
2
FλµF
λµ
)
= 0 , (2.26)
d ⋆ F + F ∧ F = 0 , (2.27)(
∇µ + 1
8
(γµ
νρ − 4δµνγρ)Fνρ
)
ǫa − χξ
2
(γµ − 3Aµ)ǫabǫb = 0 . (2.28)
However, these are merely the equations of motion and gravitino equation of the minimal
supergravity.5 Hence the maximally supersymmetric solutions of the non-minimal theory
are in one-to-one correspondence with those of the minimal theory.6 In particular, in the
gauged theory, the only maximally supersymmetric solution is AdS5 with radius ℓ given by
1
ℓ
= χξ . (2.29)
2.3 General supersymmetric solutions
Following [11], our strategy for determining the general nature of bosonic supersymmetric
solutions is to analyse the differential forms that can be constructed from a (commuting)
Killing spinor. We first investigate algebraic properties of these forms, and then their
differential properties.
From a single commuting spinor ǫa we can construct a scalar f , a 1-form V and three
2-forms Φab ≡ Φ(ab):
fǫab = ǫ¯aǫb , Vαǫ
ab = ǫ¯aγαǫ
b , Φabαβ = ǫ¯
aγαβǫ
b . (2.30)
f and V are real, but Φ11 and Φ22 are complex conjugate and Φ12 is imaginary. It is
convenient to work with three real two-forms J (i) defined by
Φ(11) = J (1) + iJ (2) , Φ(22) = J (1) − iJ (2) , Φ(12) = −iJ (3) . (2.31)
5To compare with the conventions of [11, 13] one must make the replacements A → (2/
√
3)A and
χξ → χ/(2
√
3).
6Strictly speaking, in the ungauged theory the solutions are also parametrized by the values of the
constants X¯I .
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It will be useful to record some of the algebraic identities that can be obtained from the
Fierz identity [11]:
VαV
α = f2 , (2.32)
J (i) ∧ J (j) = −2δijf ⋆ V , (2.33)
iV J
(i) = 0 , (2.34)
iV ⋆ J
(i) = −fJ (i) , (2.35)
J (i)γαJ
(j)γ
β = δij
(
f2ηαβ − VαVβ
)
+ ǫijkfJ
(k)
αβ (2.36)
where ǫ123 = +1 and, for a vector Y and p-form A, (iY A)α1,...,αp−1 ≡ Y βAβα1,...,αp−1 .
Finally, we have
Vαγ
αǫa = fǫa (2.37)
Φabαβγ
αβǫc = 8fǫc(aǫb) . (2.38)
Equation (2.32) implies that V is timelike, null or zero. The final possibility can be elimi-
nated using arguments in [11, 20].
We now turn to the differential conditions that arise because ǫ is a Killing spinor. We
differentiate f , V , Φ in turn and use (2.12). Starting with f we find
df = −iV
(
XIF
I
)
, (2.39)
which implies LV f = 0 where L denotes the Lie derivative. Next, differentiating V gives
D(αVβ) = 0 , (2.40)
so V is a Killing vector, and
dV = 2fXIF
I +XI ⋆ (F
I ∧ V ) + 2χVIXIJ (1) . (2.41)
Finally, differentiating J (i) gives
DαJ
(i)
βγ = −
1
2
XI
[
2F Iα
δ
(
⋆J (i)
)
δβγ
− 2F I [βδ
(
⋆J (i)
)
γ]αδ
+ ηα[βF
Iδǫ
(
⋆J (i)
)
γ]δǫ
]
−
−2χVIXIδi1ηα[βVγ] + 3χǫ1ijVI
[
AIαJ
(j)
βγ +
1
3
XI(⋆J (j))αβγ
]
, (2.42)
which implies
dJ (i) = 3χǫ1ijVI
(
AI ∧ J (j) +XI ⋆ J (j)
)
(2.43)
so dJ (1) = 0 but J (2) and J (3) are only closed in the ungauged theory (i.e. when χ = 0).
Equation (2.43) implies
LV J (i) = 3χǫ1ij
(
iV (VIA
I)− VIXIf
)
J (j) . (2.44)
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Now consider the effect of a gauge transformation AI → AI + dΛI . The Killing spinor
equation is invariant provided the spinor transforms according to
ǫ1 → cos
(
3χVIΛ
I
2
)
ǫ1 − sin
(
3χVIΛ
I
2
)
ǫ2
ǫ2 → cos
(
3χVIΛ
I
2
)
ǫ2 + sin
(
3χVIΛ
I
2
)
ǫ1 . (2.45)
Under these transformations, f → f , V → V and J (1) → J (1), but J (2) + iJ (3) →
e−3iχVIΛ
I
(J (2) + iJ (3)), so J (2,3) are only gauge-invariant in the ungauged theory. We
shall choose to work in a gauge in which
iVA
I = fXI . (2.46)
In such a gauge we have LV J (i) = 0.
To make further progress we will examine the dilatino equation (2.17). Contracting
with ǫ¯c we obtain
LVXI = 0 (2.47)
and (
1
4
QIJ − 3
8
XIXJ
)
F Jµν(J
(i))µν = −3χ
2
δ1i(XIVJX
J − VI)f . (2.48)
Next, contracting (2.17) with ǫ¯cγσ we find
iV F
J = −d(fXJ) , (2.49)
which implies that
LV F J = 0 . (2.50)
Hence V generates a symmetry of all of the fields. In the gauge (2.46) we also have
LVAI = 0 . (2.51)
Contracting (2.17) with ǫ¯cγσ we obtain the identity
(
1
4
QIJ − 3
8
XIXJ
)
F Jµν(⋆J
(i))σ
µν = −3
4
(J (i))σ
µ∇µXI − 3χ
2
δi1(XIVJX
J − VI)Vσ . (2.52)
Finally, contracting (2.17) with ǫ¯cγσλ gives
(
1
4
QIJ − 3
8
XIXJ
)
(F Jµν(⋆V )
σλµν + 2F Jλσ) = −3
4
(∇λXIV σ −∇σXIV λ) +
+
3χ
2
(XIVJX
J − VI)(J (1))σλ (2.53)
and(
1
2
QIJ − 3
4
XIXJ
)(
F Jσν(J
(i))νλ − F Jλν(J (i))νσ
)
= −3
4
∇µXI(⋆J (i))σλµ + (2.54)
+
3χ
2
ǫ1ij(XIVJX
J − VI)
(
J (j)
)σλ
.
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2.4 The timelike case
As in [11, 13], it is useful to distinguish two cases depending on whether the scalar f
vanishes everywhere or not. In the former “null case”, the vector V is globally a null
Killing vector. We shall not consider this case here — it should be straightforward to
analyze using the methods of [11, 13]. In the latter “timelike case” there is some open set
U in which f is non-vanishing and hence V is a timelike Killing vector field. There is no
loss of generality in assuming f > 0 in U [11]. We shall analyze the constraints imposed
by supersymmetry in the region U .
Introduce coordinates (t, xm) such that V = ∂/∂t. The metric can then be written
locally as
ds2 = f2(dt+ ω)2 − f−1hmndxmdxn . (2.55)
The metric hmn can be regarded as the metric on a four dimensional riemannian manifold,
which we shall refer to as the “base space” B. ω is a 1-form on B. Since V is Killing, f ,
ω and h are independent of t. We shall reduce the necessary and sufficient conditions for
supersymmetry to a set of equations on B. Let
e0 = f(dt+ ω) . (2.56)
We choose the orientation of B so that e0∧η4 is positively oriented in five dimensions, where
η4 is the volume form of B. The two form dω can be split into self-dual and anti-self-dual
parts on B:
fdω = G+ +G− (2.57)
where the factor of f is included for convenience.
Equation (2.34) implies that the 2-forms J (i) can be regarded as 2-forms on the base
space and equation (2.35) implies that they are anti-self-dual:
⋆4J
(i) = −J (i) , (2.58)
where ⋆4 denotes the Hodge dual on B. Equation (2.36) can be written
J (i)m
pJ (j)p
n = −δijδmn + ǫijkJ (k)mn (2.59)
where indices m,n, . . . have been raised with hmn, the inverse of hmn. This equation shows
that the J (i)’s satisfy the algebra of imaginary unit quaternions, i.e., B admits an almost
hyper-Ka¨hler structure, just as in [11, 13].
To proceed, we use (2.39) and (2.41) to obtain
XIF
I = de0 − 2
3
G+ − 2χf−1VIXIJ (1)
= −f−1e0 ∧ df + 1
3
G+ +G− − 2χf−1VIXIJ (1) . (2.60)
From (2.42) we find that
∇mJ (1)np = 0
∇mJ (2)np = PmJ (3)np
∇mJ (3)np = −PmJ (2)np , (2.61)
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where ∇ is the Levi-Civita connection on B and we have defined
Pm = 3χVI(A
I
m − fXIωm) . (2.62)
From (2.59) and (2.61) we conclude that, in the gauged theory, the base space is Ka¨hler,
with Ka¨hler form J (1). In the ungauged theory, it is hyper-Ka¨hler with Ka¨hler forms J (i).
Again, this is all precisely as in the minimal theories [11, 13].
We are primarily interested in the gauged theory so henceforth we shall assume χ 6= 0.
Proceeding as in [13], note that we can invert (2.61) to solve for P :
Pm =
1
8
(
J (3)np∇mJ (2)np − J (2)np∇mJ (3)np
)
, (2.63)
from which it follows that
dP = R , (2.64)
where R is the Ricci-form of the base space B defined by
Rmn = 1
2
J (1)pqRpqmn (2.65)
andRpqmn denotes the Riemann curvature tensor of B. Hence, onceB has been determined,
Pm is determined up to a gradient. An argument in [13] shows that the existence of J
(2,3)
obeying equations (2.59) and (2.61) is a consequence of B being Ka¨hler, and contains no
further information.
Next we examine (2.48). It is convenient to write
F I = −f−1e0 ∧ d(fXI) + ΨI +ΘI +XIG+ (2.66)
where ΨI is an anti-self-dual 2-form on B and ΘI is a self-dual 2-form on B. Equation (2.60)
implies
XIΘ
I = −2
3
G+ (2.67)
and
XIΨ
I = G− − 2χf−1VIXIJ (1) . (2.68)
Now (2.48) determines ΨI :
ΨI = XIG− − 9χf−1CIJKVJXKJ (1) , (2.69)
hence
F I = d(XIe0) + ΘI − 9χf−1CIJKVJXKJ (1) . (2.70)
ΘI is not constrained by the dilatino equation. Finally, from (2.64) together with (2.62)
we have the following identity
3χVIΘ
I − 27χ2f−1CIJKVIVJXKJ (1) = R . (2.71)
Contracting this expression with J (1) we obtain
f = −108χ
2
R
CIJKVIVJXK , (2.72)
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where R is the Ricci scalar of B, and hence
R− 1
4
RJ (1) = 3χVIΘ
I . (2.73)
Finally, note that equations (2.37) and (2.38) imply that the spinor obeys the projections
γ0ǫa = ǫa , (2.74)
J
(1)
ABΓ
ABǫa = −4ǫabǫb , (2.75)
where indices A,B refer to a vierbein eA on the base space, and ΓA are gamma matrices
on the base space given by ΓA = ±iγA. These projections are not independent: (2.75)
implies (2.74).
So far we have been discussing constraints on the spacetime geometry and matter fields
that are necessary for the existence of a Killing spinor. We shall now argue that these
constraints are also sufficient. Assume that we are given a metric of the form (2.55) for
which the base space B is Ka¨hler. Let J (1) denote the Ka¨hler form. Assume that f is given
in terms of XI by equation (2.72) and that the field strengths are given by equation (2.70)
where ΘI obeys equations (2.67) and (2.73). Now consider a spinor ǫa satisfying the
projection (2.75). It is straightforward to show this will automatically satisfy the dilatino
equation (2.17). In the basis (e0, f−1/2eA), the gravitino equation (2.12) reduces to
∂tǫ
a = 0 (2.76)
and
∇mηa + 1
2
Pmǫ
abηb = 0 , (2.77)
where
ηa = f−
1
2 ǫa . (2.78)
The Ka¨hler nature of B guarantees the existence of a solution to equation (2.77) obey-
ing (2.75) without any further algebraic restrictions [22]. Therefore the above conditions
on the bosonic fields guarantee the existence of a Killing spinor, i.e., they are both necessary
and sufficient for supersymmetry. The only projection required is (2.75), which reduces
the number of independent components of the spinor from 8 to 2 so we have at least 1/4
supersymmetry.7
We have presented necessary and sufficient conditions for existence of a Killing
spinor. However, we are interested in supersymmetric solutions so we also need to im-
pose the Bianchi identity dF I = 0 and Maxwell equations (2.15). Substituting the field
strengths (2.70) into the Bianchi identities dF I = 0 gives
dΘI = 9χCIJKVJ d
(
f−1XK
) ∧ J (1) . (2.79)
7We would also expect the general null solution to be 1/4 supersymmetric, as in the minimal theory [13].
Examples of such solutions were given in [19]. For timelike solutions of the ungauged theory, we expect
that the only projection that must be imposed on a Killing spinor is (2.74) so the solutions will be 1/2
supersymmetric, as in the minimal theory [11].
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Note that
⋆F I = −f−2 ⋆4 d
(
fXI
)
+ e0 ∧ (ΘI +XIG+ −ΨI) , (2.80)
so the Maxwell equations (2.15) reduce to
d ⋆4 d
(
f−1XI
)
= −1
6
CIJKΘ
J ∧ΘK + 2χf−1G− ∧ J (1) +
+6χ2f−2
(
QIJC
JMNVMVN + VIX
JVJ
)
η4 (2.81)
where η4 denotes the volume form of B.
Finally, the integrability conditions for the existence of a Killing spinor guarantee that
the Einstein equation and scalar equations of motion are satisfied as a consequence of the
above equations.
In summary, the general timelike supersymmetric solution is determined as follows.
First pick a Ka¨hler 4-manifold B. Let J (1) denote the Ka¨hler form and hmn the metric on
B. Equation (2.72) determines f in terms of XI . Next one has to determine ω, XI and
ΘI by solving equations (2.67), (2.73), (2.79) and (2.81) on B. The metric is then given
by (2.55) and the gauge fields by (2.70).
3. Black hole solutions
3.1 Derivation of the solutions
Following [5], we take the following ansatz for the Ka¨hler base space of a supersymmetric
black hole solution:
ds24 = dρ
2 + a2
(
(σ1L)
2 + (σ2L)
2
)
+ (2aa′)2(σ3L)
2 , (3.1)
with Ka¨hler form
J (1) = −ǫd [a2σ3L] , (3.2)
where a = a(ρ), ǫ = ±1, and σiL are right-invariant 1-forms on SU(2). These can be
expressed in terms of Euler angles (θ, ψ, φ) as
σ1L = sinφdθ − cosφ sin θdψ
σ2L = cosφdθ + sinφ sin θdψ
σ3L = dφ+ cos θdψ , (3.3)
where SU(2) is parametrized by taking 0 ≤ θ ≤ π, 0 ≤ φ ≤ 4π and 0 ≤ ψ ≤ 2π. The
right-invariant 1-forms obey
dσiL = −
1
2
ǫijkσ
j
L ∧ σkL . (3.4)
The surfaces of constant ρ are homogeneous, with a transitively acting U(1)L × SU(2)R
isometry group, The U(1)L generated by ∂/∂φ is manifestly a symmetry and the SU(2)R
is a symmetry because σiL is invariant under the right action of SU(2).
We shall assume a, a′ > 0 and introduce an orthonormal basis
e1 = dρ , e2 = a σ1L , e
3 = a σ2L , e
4 = 2aa′ σ3L (3.5)
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with volume form η4 = e
1 ∧ e2 ∧ e3 ∧ e4. We then have
J (1) = −ǫ(e1 ∧ e4 − e2 ∧ e3) , (3.6)
which is obviously anti-self-dual.
As in [5], we adopt the Ansatz
ω = w(ρ)σ3L , (3.7)
which gives
G+ =
fa
4a′
∂ρ(a
−2w)(e1 ∧ e4 + e2 ∧ e3) (3.8)
and
G− =
f
4a3a′
∂ρ(a
2w)(e1 ∧ e4 − e2 ∧ e3) . (3.9)
We also take
XI = XI(ρ) (3.10)
and
AI = XIe0 + U I(ρ)σ3L , (3.11)
for some functions U I . f is determined by (2.72):
f =
54χ2a2a′CIJKVIVJXK
a2a′′′ − a′ + 7aa′a′′ + 4(a′)3 . (3.12)
Note that
F I = d(XIe0) +
∂ρU
I
2aa′
e1 ∧ e4 − U
I
a2
e2 ∧ e3 . (3.13)
Comparing (3.13) with (2.70) we find
ΘI =
a
4a′
∂ρ(a
−2U I)(e1 ∧ e4 + e2 ∧ e3) (3.14)
and
∂ρ(a
2U I) = 36ǫχf−1a3a′CIJKVJXK . (3.15)
This equation is sufficient to ensure that the Bianchi identity (2.79) holds automatically.
Equation (2.67) gives
f−1XI∂ρ(a
−2U I) = −2
3
∂ρ(a
−2w) (3.16)
and from (2.73) we find
3χVIU
I = ǫ(−1 + 2aa′′ + 4(a′)2) . (3.17)
Lastly, we compute the Maxwell equations (2.81); we obtain
∂ρ
[
a3a′∂ρ(f
−1XI) + ǫχa
2wVI +
1
12
CIJKU
JUK
]
= 0 . (3.18)
To find a solution to these equations we make the guess
f−1XI = X¯I +
qI
4a2
, (3.19)
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where X¯I are the constant values of the scalars in the maximally supersymmetric AdS5
solution and qI are constants. Since
CIJKXIXJXK =
2
9
(3.20)
we must have
f−3 =
9
2
CIJK
(
X¯I +
qI
4a2
)(
X¯J +
qJ
4a2
)(
X¯K +
qK
4a2
)
, (3.21)
which implies
f =
(
1 +
α1
4a2
+
α2
16a4
+
α3
64a6
)
−1/3
, (3.22)
where we have defined the constants
α1 =
27
2
CIJKX¯IX¯JqK , α2 =
27
2
CIJKX¯IqJqK , α3 =
9
2
CIJKqIqJqK . (3.23)
Equation (3.15) then determines
U I =
9ǫ
ℓ
CIJKX¯J
(
a2X¯K +
qK
2
)
. (3.24)
A possible term of the form (constant of integration) times a−2 has been set to zero because
such a term is not present in the supersymmetric black hole solutions of the minimal theory.
Now we can determine w from (3.16):
w =
ǫ
ℓ
(
w0a
2 − α1
2
− α2
16a2
)
, (3.25)
where w0 is a constant of integration. Equation (3.17) can be integrated to give
(a′)2 =
a2
ℓ2
+
1
4
(
1 +
α1
ℓ2
)
+
κ
a4
, (3.26)
where κ is a constant of integration. Comparison with the minimal theory shows that we
must take κ = 0. We can then integrate to obtain
a =
ℓ
2
√
1 +
α1
ℓ2
sinh
(ρ
ℓ
)
. (3.27)
This determines the geometry of the base space: it is the same singular deformation of
the Bergmann manifold that appears in the minimal theory [5]. Finally, we require equa-
tion (3.18) to be satisfied. Upon using equation (2.2), this reduces to
w0 = −2 . (3.28)
Hence
w = −ǫ
ℓ
(
2a2 +
α1
2
+
α2
16a2
)
. (3.29)
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3.2 Properties of the solution
It is convenient to work with a new radial coordinate R defined by8
a =
R
2
. (3.30)
The metric is
ds2 = f2dt2 + 2f2w dt σ3L − f−1g−1dR2 −
R2
4
[
f−1((σ1L)
2 + (σ2L)
2) + f2h(σ3L)
2
]
, (3.31)
where σiL was defined in equation (3.3) and
f =
(
1 +
α1
R2
+
α2
R4
+
α3
R6
)
−1/3
, (3.32)
w = −ǫR
2
2ℓ
(
1 +
α1
R2
+
α2
2R4
)
, (3.33)
g = 1 +
α1
ℓ2
+
R2
ℓ2
, (3.34)
h ≡ f−3g − 4
R2
w2 = 1 +
α1
R2
+
1
R4
(
α2 +
α3
ℓ2
)
+
1
R6
[
α3
(
1 +
α1
ℓ2
)
− α
2
2
4ℓ2
]
, (3.35)
where ǫ = ±1 determines the sense of rotation. The scalars are
XI = f
(
X¯I +
qI
R2
)
. (3.36)
The gauge fields are
AI = fXIdt+
(
U I + fwXI
)
σ3L , (3.37)
where
U I =
9ǫ
4ℓ
CIJKX¯J
(
X¯KR
2 + 2qK
)
. (3.38)
The solution is parametrized by the constants qI , which determine αi via equation (3.23).
Recall that the constants X¯I are the values of the scalars in the AdS5 vacuum solution,
which has radius ℓ. The solution has isometry group R × U(1)L × SU(2)R where R is
generated by the supersymmetric Killing vector field V = ∂/∂t, U(1)L by ∂/∂φ and the
SU(2)R arises because σ
i
L is invariant under the right action of SU(2). The supersymmetric
black hole solutions of the minimal theory have [5] α1 = 3R
2
0, α2 = 3R
4
0 and α3 = R
6
0.
To see that the solution is asymptotically AdS, let
φ′ = φ+
2ǫt
ℓ
. (3.39)
We then have
ds2 = f−1gh−1dt2 − f−1g−1dR2 − R
2
4
[
f−1
(
(σ1
′
L )
2 + (σ2
′
L )
2
)
+ f2h(σ3
′
L − Ωdt)2
]
, (3.40)
8Note that this differs from the coordinate R used in [5] by a factor of f .
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where σi
′
L is defined in the same way as σ
i
L (equation (3.3)) but with φ replaced by φ
′ and
Ω =
2ǫ
ℓh
{
1
R4
(α2
2
+
α3
ℓ2
)
+
1
R6
[
α3
(
1 +
α1
ℓ2
)
− α
2
2
4ℓ2
]}
. (3.41)
Now as R → ∞, we have f, h → 1, Ω → 0 and g ∝ R2/ℓ2 so the solution is manifestly
asymptotic to AdS5. In these coordinates, the supersymmetric Killing vector field is V =
∂/∂t + (2ǫ/ℓ)∂/∂φ′. The gauge fields have the asymptotic behaviour
AI =
{
X¯I − 1
R2
[(
α1 +
α2
2ℓ2
)
X¯I − 9CIJKX¯JqK − 9
2ℓ2
CIJKqJqK
]
+
+O
(
1
R4
)}
dt+O
(
1
R2
)
σ3
′
L . (3.42)
Note that if α2 = α3 = 0 then the solution reduces to one of the static, spherically
symmetric, nakedly singular, solutions investigated in [17].
To investigate which solutions have regular horizons, we shall attempt to introduce
gaussian null coordinates as follows:
dt = du− fg−1hdr , dφ = dφ′′ − 4
R2
fg−1w dr , dR = f
√
hdr . (3.43)
The line element becomes
ds2 = f2du2 − 2dudr + 2f2w duσ3′′L −
R2
4
[
f−1
(
(σ1
′′
L )
2 + (σ2
′′
L )
2
)
+ f2h(σ3
′′
L )
2
]
, (3.44)
where σi
′′
L is defined in the same way as σ
i
L (equation (3.3)) but with φ replaced by φ
′′.
The supersymmetric Killing vector field is V = ∂/∂u. In order for there to be a regular
horizon at R = 0 we need R2f−1 to approach a positive constant as R→ 0. This requires
α3 > 0 . (3.45)
We also need R2f2h to approach a positive constant, which requires
α3
(
1 +
α1
ℓ2
)
− α
2
2
4ℓ2
> 0 . (3.46)
We then find that r ∝ R2 as R → 0 and that f and f2w are O(r) as r → 0, which
guarantees a regular horizon. Hence, subject to the above restrictions, our solution has a
regular horizon at R = 0. In order to avoid problems in R > 0 we must also demand that
f , g and h be positive for R > 0, which imposes further restrictions on αi.
Spatial cross-sections of the event horizon have the geometry of a squashed S3 with
area
A = 2π2
√
α3
(
1 +
α1
ℓ2
)
− α
2
2
4ℓ2
. (3.47)
The angular velocity of the event horizon with respect to the stationary frame at infinity
can be calculated as in [5], giving
ΩH =
2ǫ
ℓ
. (3.48)
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We note that if we take the limit ℓ → ∞ with qI held fixed then our solutions reduce
to static supersymmetric black hole solutions of the ungauged supergravity theory, which
were first obtained in [23].
We can calculate the mass and angular momentum of our solutions using the definitions
of Ashtekar and Das (AD) [24]. The AD mass is associated with the symmetry of the
conformal boundary generated by ∂/∂t in the coordinates (3.40):
M =
π
4G
(
α1 +
3α2
2ℓ2
+
2α3
ℓ4
)
, (3.49)
and the AD angular momentum is associated with −∂/∂φ′:
J =
ǫπ
8Gℓ
(
α2 +
2α3
ℓ2
)
. (3.50)
Just as in the minimal theory, this really corresponds to equal angular momenta J1 = J2 =
J in two orthogonal 2-planes.
We have used the AD approach to define mass and angular momentum. However, it
has been argued [25, 26] that the conserved quantities of the AD approach do not correctly
reproduce the (anomalous) transformation law of the CFT energy-momentum tensor [27],
so the AD mass M should not be interpreted as dual to CFT energy. Instead one should
use an alternative approach based on the “holographic stress tensor” (HST) [28, 29], which
does transform correctly.
IfM cannot be interpreted as dual to CFT energy then what is its CFT interpretation?
To answer this, we first note that the AD definitions only apply to spacetimes that are
asymptotically AdS whereas the HST approach applies more generally to spacetimes that
are merely asymptotically locally AdS with a well-defined conformal boundary. Therefore,
when M is defined, the dual CFT must live on R × S3 whereas the HST energy E can
be defined for many different CFT background geometries. Now R × S3 is precisely the
background for which the CFT state/operator correspondence applies [6]. Under this cor-
respondence, the energy of a state is equal to the dimension of the corresponding operator
plus an anomalous term that can be interpreted as the Casimir energy on R × S3. This
suggests that we should identify the AD mass of a bulk solution with the dimension of the
corresponding local CFT operator(s):
∆ =Mℓ . (3.51)
Of course, this should only be regarded as the leading term in a large N expansion. More
precisely, we mean that ∆/N2 and Mℓ/N2 tend to the same limit as N →∞.
In the few examples for which M and E have both been calculated, it has been found
that they differ precisely by the Casimir energy of the CFT on R× S3, which is evidence
in favour of the above interpretation.9 It would be interesting to see whether this could be
9It was claimed in [30] that the difference is more complicated for the rotating black hole solutions
of [31]. However, the HST results of [30] (following the earlier [32]) correspond to the stress tensor of a
CFT in R× S3 with a non-product metric [32], for which one would expect the Casimir energy to be more
complicated anyway.
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proved more generally. It would also be interesting to calculate the HST for our solutions.
This was done for solutions of the minimal theory in [5], where it was found that M and
E differ by the Casimir energy and that the two approaches give the same value for J . In
the theory under consideration here, the counterterms required for calculating the HST do
not appear to have been derived yet.
We shall define conserved electric charges by:
QI =
1
8πG
∫
QIJ ⋆ F
J , (3.52)
where the integral is taken over a spatial three sphere at infinity. Calculating this on a
surface of constant t in the asymptotically AdS coordinates gives
QI =
π
G
(
3
4
qI − 3α2
8ℓ2
X¯I +
9
8ℓ2
CIJKX¯
JCKLMqLqM
)
. (3.53)
This implies
X¯IQI =
π
4G
(
α1 +
α2
2ℓ2
)
, (3.54)
so we have the BPS equality
M − 2
ℓ
|J | = |X¯IQI | . (3.55)
It would be interesting to look for non-extremal generalizations of these solutions. In
general, such solutions will carry two independent angular momenta, which will make
them rather complicated (see [31] for uncharged solutions). However, the solutions should
simplify when the angular momenta are equal, with the isometry group being enhanced
from R×U(1)2 to R×U(1)L×SU(2)R (as for the supersymmetric solutions). If the metric
is written using right-invariant forms on SU(2) then the metric components will all be
functions of a single radial coordinate, so finding these solutions should not be difficult.
3.3 Solutions of the U(1)3 theory
We are primarily interested in solutions that can be oxidized to yield asymptotically AdS5×
S5 solutions of type-IIB supergravity. We therefore consider the theory with U(1)3 gauge
group obtained by taking indices I, J,K to run from 1 to 3 and with CIJK = 1 if (IJK)
is a permutation of (123) and CIJK = 0 otherwise. The constraint on the scalars is then
X1X2X3 = 1 (3.56)
and we have
QIJ =
9
2
diag
(
(X1)
2, (X2)
2, (X3)
2
)
. (3.57)
We also take
VI =
ξ
3
. (3.58)
Solutions of this theory can be oxidized to solutions of type-IIB supergravity as described
in [8].10 In this theory,
X¯I =
1
3
, X¯I = 1 . (3.59)
10Our gauge fields have the same normalization as those of [8]. Denote the scalars of [8] by X˜I . They are
related to our scalars by X˜I = 1/(3XI). The coupling of [8] is related to our constants by g = χξ = 1/ℓ.
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It is convenient to define rescaled parameters for the black hole solutions:
qI =
µI
3
(3.60)
so that
α1 = µ1 + µ2 + µ3 , α2 = µ1µ2 + µ2µ3 + µ3µ1 , α3 = µ1µ2µ3 . (3.61)
We then have
f = (H1H2H3)
−1/3 , (3.62)
where
HI = 1 +
µI
R2
. (3.63)
The scalars are given by
XI =
1
3
HI (H1H2H3)
−1/3 . (3.64)
We need µI > 0 to guarantee α3 > 0 and f > 0 for R > 0. The only remaining restriction
on µI for the solution to describe a black hole is equation (3.46), which can be written
4µ1µ2µ3
(
µ1 + µ2 + µ3 + ℓ
2
)
> (µ1µ2 + µ2µ3 + µ3µ1)
2 . (3.65)
This constraint is non-trivial: e.g. it is not satisfied if we take µ1 = µ2 ≫ µ3. The mass,
angular momentum and charges can be obtained from the expressions above. The charges
simplify to
Q1 =
π
4G
[
µ1 +
1
2ℓ2
(µ1µ2 + µ1µ3 − µ2µ3)
]
Q2 =
π
4G
[
µ2 +
1
2ℓ2
(µ2µ3 + µ2µ1 − µ3µ1)
]
Q3 =
π
4G
[
µ3 +
1
2ℓ2
(µ3µ1 + µ3µ2 − µ1µ2)
]
. (3.66)
It is possible to set one, but not two, of the charges to zero consistently with the con-
straint (3.65).
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